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1. I~VTR~DUCTION 
The main purpose of this paper is to develop a general theory of objective 
constitutive functionals for simple materials and to point out that the sym- 
metry group of a simple material with continuous constitutive functional is a 
Lie subgroup of the unimodular group and hence the theory of Lie trans- 
formation groups is applicable to find representation formulas for such 
materials. Thus the problem of classification of such groups is reduced to that 
of their Lie algebras, and the latter has been accomplished by Lie [l]. In 
this paper, the problem to find representation formulas for objective con- 
stitutive functionals can be reduced to solve certain system of linear partial 
differential equations of first order. We shall here derive such equations for 
both elastic and general simple materials. An illustrative example is given to 
explain the theory. 
2. OBJECTIVITY AND SYMMETRY GROUP OF CONSTITUTIVE EQUATION 
The stress T at time t in a simple mateiral is determined by the history Ft 
of the deformation gradientl: 
T(t) = S(P). (2.1) 
This equation is called the constitutive equation of a simple mateiral. Here 
Ft is the function defined by 
Ft(s) == F(t - s) = & x(X, t -- s), O<S<CD, (24 
____- 
* T is a symmetric tensor, and Fl(s) is an invertible tensor-valued function of s. 
The word temor is here used as a synonym for linear transformation of the three- 
dimensional vector space into itself. 
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with x(X, t - S) the location at time t - s of the material point which has 
the location X in a fixed reference configuration. 
If we restrict our attention to materials without memory, i.e., elastic 
materials, then the constitutive functional :9(P) reduces to a functionfP(F(t)), 
and the constitutive equation of an elastic material is of the form: 
w = ;e(Fw (2.3) 
Sometimes we may consider a constitutive equation of the form: 
T(t) = cpvw)~ (2.4) 
where v is a scalar-valued function of F(t). 
The constitutive functional 9 is said to be objective if for all orthogonal 
tensor functions Q(S) the following identity holds through the domain of St: 
,FCQ(s) FW) = QWW)) QT, (2.5) 
where Q = Q(0) and QT is the transpose of Q. And similarly the constitutive 
functions/ and q~ are said to be objective iff and v obey the following identi- 
ties for each orthogonal tensor Q: 
f(QF) = Q!(F) QT, (2.6) 
and 
dQF) = P(F), (2.7) 
respectively. 
Let L(F) be an invertible tensor-valued function of F, and Cl,, = F$,TF& 
where F$, = F”F-l. Then we have 
THEOREM 1. Representation formulas ,for objective constitutive functionals 
S(Ft) are of the form : 
L(F)‘B(Ft) L(F) = #(L(F)= &L(F); C’), (2.8) 
where S is an arbitrary functional of L(F)T C&L(F), and also an arbitrary 
function of C; if and on@ if 
L(QF) = 4Q, F) QW, (2.9) 
for all orthogonal tensors Q, where E(Q, F) takes values 1 and - 1. 
PROOF. Assume that the functionals given by (2.8) obey the objectivity 
condition (2.5) for arbitrary functionals &‘. For the transformation: 
F’t(s) = Q(s) Ft(s), it holds 
C;:, = Q&Q’ (2.10) 
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and 
from which it follows: 
(7’ .._ c; (2.11) 
L(QF)T~(Q(~)Ft(s))L(QF) = ~(L(QE)TQCIt)QTL(GE); C). (2.12) 
By (2.5), (2.8), and (2.12) we have 
MW(Dt; C) M = *(MT D’M; C), (2.13) 
where 
M = (QWN-%QF) and Dt = Jam C&L(F). 
If we take .#‘(Dt; C) = A ( constant functional), then condition (2.13) yields 
MTAM = A (2.14) 
for any symmetric tensor A, from which it follows 
M = E(&, F) I (I: identity), (2.15) 
i.e., 
4QF) = 4Q,F) QW~ (2.9) 
where e(Q, F) takes values 1 and - 1. 
Conversely, let L(F) be an invertible tensor-valued function of F satis- 
fying (2.9), and if we put 
3(Ft) = L(F)T e9(Ft)L(F), 
then, by using of (2.5), we have 
~(Q(W(s)) = W(s)); 
and hence (2.17) yields 
9(Ft) = 9(P). 




Y(Ft) = P(I~(F)~ C@(F);F). (2.19) 
By (2.9), (2.10), and (2.17), from (2.19) we get 
AL(F)T Cf&(F);QF) = $(W>T Ctt,W);F); (2.20) 
thus we have 
t(F)T9(F”)L(F) = sQ?L(F)~ &L(F); C). 
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REMARK. Condition (2.9) holds for both L(F) = F and L(F) = R, where 
F = RU is the polar decomposition. In these cases, the formulas (2.8) reduce 
to the following well-known formulas [2, 31: 
and 
FT~(F")F=X'(FTC;,,F;C), (2.21) 
RTS(F")R = Z(RTC&,R;C). (2.22) 
For L(F) satisfying (2.9) we may see 
L(QF)TL(Q-V = WTW), 
and hence 
L(F)TL(F)= @p(C). 
Since for elastic materials, C It, = I, then the formulas (2.8) reduce to 
L(F)TS(F)L(F) =X(C). 
We shall denote by 0 and L the orthogonal group and the general linear 
group respectively. Let 0+ and O- the sets of orthogonal tensors Q such that 
det Q = 1 and det Q = - 1, respectively; L+ and L- the sets of invertible 
tensors F such that det F > 0 and det F < 0, respectively. As is well known 
0+ and O- are the connected components of 0, and also L+ and L- are the 
connected components of L. Moreover, the connected components of 
0 x L are 0+ x Lf, 0+ x L-, O- x L+ and O- x L-. 
Now we shall prove 
THEOREM 2. The invertible tensor-valued function L(F) satisfying the con- 
dition : 
L(QF) = e(Q, F) QL(F) fw all Q E 0 (2.9) 
is given by 
L(F) = a(F) (FT)-’ e(C), (2.23) 
where 6(C) is an arbitraty function with det 8(C) # 0, and or(F) takes values 
1 and - 1. 
If L(F) is continuous, then expression (2.23) reduces to 
(i) L(F) = (FT)-’ O(C), (2.24) 
OY 
(ii) L(F)= det F*(FT)-l@(C), (2.25) 
where Q(C) is an arbitrary continuous function with det O(C) # 0. 
PROOF. Let F = RU be the polar decomposition of F. If we put Q = R1 




L(F) = lx(F) (q-1 UL( C), (2.26) 
= a(F) (F=)-1 O(C), (2.23) 
where 
a(F) = @--1, F) and O(C) = UL(lJ). 
If L(F) is continuous, then a(F) is also continuous,2 and hence it is constant 
on Lf and L-. Since by (2.26) cr(l) = 1, we have 
and 
a(F) = a(l) = 1 for all FEL+, (2.27) 
1 
or(F)=a(-I)= )- 1 
for all EL-, or 
for all FEL-. 
(2.28) 
Therefore, from (2.27) and (2.28) it follows: 
a(F) = 1 for all FE L, 
or 
a(F) = sign(det F) for all FE L, 
where sign(det F) = 1 or - 1 according to det F > 0 or < 0. Thus, expres- 
sion (2.23) reduces to 
(9 L(F) =(FT)-l O(C), 
or 
(ii) L(F) = sign(det F)(P)-' O(C). (2.24) 
Since det F = sign(det F) (det C) 112, the latter of (2.24) is rewritten as 
(ii) L(F)= det F-(F*)-1 O(C). (2.25) 
Conversely, it is clear that (2.23), (2.24), and (2.25) all satisfy condition 
(2.9). 
REMARK. In Theorem 2, expressions (2.23), (2.24), and (2.25) can be 
replaced by 
L(F)= a(F)FO'(C), (2.29) 
6') L(F) =FO'(C), (2.30) 
and 
(ii’) L(F)= det F *F@'(C), (2.31) 
respectively, where O’(C) is an arbitrary function with det O’(C) # 0. 
The expression (2.30) has been considered by Rivlin [5], although he seems 
to assume that L(F) is orthogonal. 
2 R and U are the continuous functions of F. (Cf. [4], p. 16.) 
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The symmetry group G(g) of the functional 9 is the set of unimodular 
tensors H for which the following identity in Ft : 
F(FtH) = 9(P) (2.32) 
holds through the domain of 9. 
Similarly, the symmetry groups of the symmetric tensor-valued functionf 
and the scalar-valued function r+~ are defined by using the following identities 
in F: 
fv~) = /4F), (2.33) 
and 
#‘H) = dF), (2.34) 
in place of (2.32), respectively. 
Let v be an objective scalar-valued function, then it can be expressed as 
cp(F) = #(C)P (2.35) 
and hence condition (2.34) is equivalent to 
$(HTH) = #(C). (2.36) 
That is, #(C) is an invariant of C for the transformation group: 
C’ = HTCH (H EG(T)). (2.37) 
A set of invariants {r(C),..., 5,(C) is called a functional basis if every invariant 
$(C) can be expressed as a function of the invariants S,(C),..., J,(C). 
Let H be a subgroup of the unmodular group U; {r(C),..., c,(C) a functional 
basis of invariants for the transformation group C’ = HTCH (H E H), and 
L(F) an invertible tensor-valued function of F. Then we have 
THEOREM 3. Representation formulas for the objective constitutive function- 
al S(F”) whose symmetry group contains H as a subgroup are of the form: 
L(F)‘F(F’)L(F) = W(L(F)T CL&(F); cl(C),..., c,(C)) (2.38) 
where S? is an arbitrary functional of L(F)T C&L(F), and also an arbitrary 
function of S,(C),..., l,(C), if and only if 
L(QF) = E(Q, F) QL(F) for all orthogonal tensors Q, (2.9) 
and 
L(FH) = ?(F, H)L(F) for all HEH, (2.39) 
where e(Q, F) and 7(F, H) take values 1 and - 1. 
PROOF. By Theorem 1, from the assumption condition (2.9) follows. Since 
S(FtH) = g(P) for all HEH, (2.40) 
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and since for the transformation: FfL -= FtH it holds 
c;;, =- cl,,, , (2.41) 
and 
UC’) = L(C), a =- 1, 2,...,p; (2.42) 
by using of (2.38) we have 
MTi%(Dt; &(C) ,..., t,(C)) A!? = &?(M=DtM; c,(C) ,..., c,(C)), (2.43) 
where A4 = L(F)-l L(FH) and Dt = L(F)T Cf,, L(F). In the same way as in 
the proof of Theorem, condition (2.43) yields 
L(FH) = T(F, H)W, 
where r](F, H) takes values 1 and - 1. 
Conversely, let L(F) be an invertible tensor-valued function of F satisfying 
(2.9) and (2.39), and if we put 
3(Ft) = L(F)T .g(F”) L(F), (2.16) 
then by Theorem 1, we have 
qFt) 2 2qqqT C&L(F); C). (2.8) 
From (2.39) and (2.40) it follows 
S(PH) = B(Ft) for all HEH, 
from which, by means of (2.8) and (2.41), we have 
&‘(L(F)T C&L(F); HTCH) = JP(L(F)~ Cf,,L(F); C). w4) 
Thus, we obtain 
L(F)T.F(Ft)L(F) = %(WjT ChL(F); L(C),..., LWN. (2.38) 
REMARK. For L(F) satisfying (2.9) and (2.39) we have 
L(QF)=L(QF) =L(F)TL(F), and L(FH)TL(FH) = L(F)TL(F); 
and hence 
uqTqF) = @(a 
where @(ZiPCH) = Q(C). That is, 
qqTqF> = W,(C),..., 5,(C)). 
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For elastic materials, Cl,, = I, therefore the formulas (2.38) for elastic 
materials are of the form: 
L(W)qF)L(F) = &$(a...~ MC>>. 
The formulas (2.38) have the origin in the paper of Wang [6]. 
Now we shall prove 
(2.45) 
THEOREM 4. The invertible tensor-valued function L(F) satisfjing the 
conditions : 
and 
L(QF)=Q,F)QW) for all Q ~0, (2.9) 
is given by 
L(FW = rl(F, H)L(F) for all HEH, (2.39) 
L(F) = a(F) (FT)-’ Q(C), (2.23) 
where U(F) = f 1, and e(C) with det e(C) f 0 is determined by the co&- 
tion : 
@(HK’H) = p(C, H) H=@(C) for all HEH, 
with p(C, H) = f 1. 
PROOF. By Theorem 2, condition (2.9) yields 
L(F) = U(F) (F=)-l O(C), 
from (2.23) and (2.39) we have 
B(HTCH) = U(F) ar(FH) q(F, H) HW(C), 
i.e., 
= a(F, H) H*@(C); 
(2.46) 
(2.23) 
from which it follows 
and hence 
Thus we have 
u(QK W = +? H), 
u(F, H) = p(C, H). 
B(H=CH) = p(C, H) H=@(C). (2.46) 
Let S&I) be the group of stability of C, i.e., the set of tensors H of H 
such that HTCH = C. We can easily see that 
S,(H) = H n F-‘OF = H n FOU, 
where U is the positive definite symmetric tensor with Ua = C = FTF, 
Then we have 
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THEOREM 5. Let I,(F) be an invertible tensor-valued function satisfying the 
conditions (2.9) and (2.39). Then the ~YOII~S S,(H), where C -5 FTF, for all 
tensors F of the domain of L(F) must be contained in the group {I, - I}. 
PROOF. By Theorem 4, conditions (2.9) and (2.39) yield a tensor-valued 
function O(C) with det O(C) # 0 satisfying (2.46), where O(C) is defined 
for C : - FTF, F being in the domain ofL(P). If Il E S,(H), then IfTCX = C; 
and hence from (2.46) it follows 
O(C) = p(C, H) HV(C), 
since det O(C) f 0, from (2.47) we have 
H = p(C, H) 1, 
that is, H = I or -I, thus we get SC(H) C {I, -I}. 
(2.47) 
REMARK. Let H be a subgroup of the unimodular group U such that the 
groups S,(H) are not contained in the group {I, - I} for all positive definite, 
symmetric tensors C. We can see by calculations that the symmetric groups U 
X(Vn)), #(V(s)), %(Vu))* 3 and g(V(r)) [7] for simple materials such as 
Subfluids of Types 1, 2, and 3, and Types 15 and 16 [6], resepctively, have 
such property. By Theorem 5, there does not exist any invertible tensor- 
valued function L(F) satisfying conditions (2.9) and (2.39). Therefore, 
representation formulas for the objective constitutive functional .F(Ft)whose 
symmetry group contains such group H as a subgroup cannot be obtained 
by the formulas (2.38) in Theorem 3. Representation formulas for such 
types of simple materials are given by [6, 71: 
F(F”) = =WCt,,; W),..., W-9, 
where W),..., E,(F) are a functional basis of invariants for the transformation 
group: F’ = FH, and moreover for all Q E 0 
WQCft,Q’; EdQF),..., t%QF)) = QW%; h(F),..., E,(F)) QT. 
being required. 
As is well known ([3], p. 78), the symmetry group for objective constitu- 
tive equation contains the inversion -I. Hence we may assume that the 
group H in Theorem 3 contains the inversion - I. Let H+ and H- be the sets 
of tensors H in H with det H = 1 and det H = - 1 respectively, and H, 
the connected component of I in H. Then we shall prove 
s By H* we shall denote the set of tensors HT such that HE H. 
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THEOREM 6. The invertible tensor-valued continuous function L(F) satis- 
fying the conditions : 
L(QF) = E(Q, F) QL(F) for all Q E 0, (2.9) 
and 
WH) = T)(F, WW) for all NEH, (2.39) 
is given by : 
L(F) = (FT)-1 O(C), (2.24) 
07 
L(F) = det F * (FT)-l O(C), (2.25) 
where O(C) is any continuous function with det O(C) f  0 satisfying the condi- 
tions : 
O(HTCH) = H=@(C) for all HE&,, (2.48) 
and 
O(PCK) = K=@(C) for all KEHlnK, (2.49) 
H, being any normal subgroup of index 2 in H, which contains H,, but does not 
contain the inversion - I. 
PROOF. By Theorem 2, the invertible tensor-valued continuous function 
L(F) satisfying condition (2.9) is given by (2.24) or (2.25). By Theorem 4, 
O(C) is any continuous function with det O(C) f 0 satisfying the condition: 
O(H=CH) = p(C, H) H=@(C) for all HEH; (2.46) 
here p(C, H) is continuous with respect to both C and H. Since C E Lf, 
clearly p(C, H) = ~(1, H); therefore (2.46) is rewritten as 
O(H=CH) =,8(H) H=@(C) for all HEH, (2.50) 
where /3(H) = ~(1, H). From (2.50) it follows that 
B(I) = 1, p(-I) = - 1, (2.51) 
P(-- 4 = - /VT for all HEH, (2.52) 
and 
PVWJ = P(4) /WJ for all H,,H,EH. (2.53) 
Let 
HI = ,8-‘(l) and H, = ,W(- l), 
then we have 
H = H, v Hz, H2=(-I).HI. (2.54) 
Thus, HI must be a normal subgroup of index 2 in H such that HI 3 H, 
and H - HI contains -I. Conversely, let HI be any such subgroup of 
H, and p be defined by 
BP) = 1 for all HEHI, 
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and 
#B(H) = - 1 for all HEH-Hr. 
Then conditions (2.51), (2.52) and (2.53) are all satisfied. Hence condition 
(2.50) is equivalent to: 
Q(HTH) = HW(C) for all HEH~. (2.55) 
Since Ha C HI , condition (2.58) is rewritten as: 
O(HTCH) = UT@(C) for all HE&, (2.48) 
and 
Q(KTCK) = KW(C) for all KeHlnK. (2.49) 
The following Theorems 7 and 8 are useful to find representation formulas 
for the objective constitutive functional whose symmetry group contains H* 
as a subgroup, H* being the set of HT such that HE H, provided that 
representation formulas corresponding to H are known already. 
THEOREM 7. Let H be a subgroup of the unimodular group and H* the set 
of tensors HT such that H E H. Representation formulas for the objective con- 
stitutive functional 9*(Ft) whose symmetry group contains H* as a subgroup 
are of the form: 
FW*(F$)F = S*(C), (2.56) 
where 
3*(ct) = cs((ct)-1) c, (2.57) 
and 9(Ft) = (FT)-l S(P) F-l is any objective constitutive functional whose 
symmetry group contains H as a subgroup. 
PROOF. By (2.21), 9*(Ft) g is iven by (2.56). We can easily see that the 
condition: S*(F”H) = 9*(Ft), i.e., 
9*(H*Y?H*) = H*TB*(Ct) H* for all H* EH*, (2.58) 
is equivalent to the condition: 9(FtH) = g(Ft), i.e. 
S(HVH) = HT3(Ct) H for all HEH, (2.59) 
where a*(C*) = CU((P)-1) C. This completes the proof. 
THEOREM 8. Let H be a subgroup of the unimodular group and H* the set 
of tensors HT such that H E H. The invertible tensor-valued function L*(F) 
satisfying the conditions: 
L*(QF) = e*(Q, F) QL*(F) for all Q E 0, (2.9)* 
and 
L*(FH*) = q*(F, H*) L*(F) for all H* E H*, (2.39)* 
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is given by 
L*(F) = a*(F)(Fy o*(c), (2.23)* 
where or*(F) = f 1, O*(C) = CO(C-l), and O(C) is any function with 
det e(C) # 0 satisfying the condition: 
O(HTH) = p(C, H) HW(C) for al2 HEH, (2.46) 
with p(C, H) = & I. 
PROOF. The proof follows from Theorem 4 and the fact that the con- 
dition: 
@*(H*=CH*) = ,o*(C, H*) H*W*(C) for all H*EH* 
is equivalent to the condition (2.46), where O*(C) = CO(C1). 
Similarly we have the following proposition: Representation formulas for 
the objective scalar-valued constitutive function v*(F) whose symmetry group 
contains H* us a subgroup are of the form: p*(F) = #*(C) where 
4*(C) = $(C-l), provided that v(F) = $(C) is any objective scalar-valued 
constitutive junction whose symmetry group contains H as a subgroup. 
Now we assume that the constitutive functional S(Ft) is continuous 
with respect to a topology of the function space of histories Ft. Then the 
symmetry group G(.F) is a closed subgroup of the unimodular group U, 
which is a Lie group. By Cartan’s theorem, any closed subgroup of a Lie 
group is also a Lie subgroup. Hence we have 
THEOREM 9. The symmetry group G(g) of a continuous constitutive 
functional .F(Ft) is a Lie subgroup of the w&nodular group. 
RRRMAK. Let / and ‘p be a continuous tensor-valued constitutive func- 
tion and a continuous scalar-valued constitutive function, respectively, 
then, by the same reason as in the proof of Theorem 9, the symmetry 
grows c(f) and W-4 are also Lie subgroups of the unimodular group. 
3. LIE SUBGROUPS OF THE UNIMODULAR GROUP 
Let H be a Lie subgroup of the unimodular group U. Then it is well 
known ([4], p. 35) that the connected component H,, of the identity I in H 
is a normal subgroup of H, such that the group of components H/H,, is dis- 
crete, Let fi be the set of unimodular tensors M such that MHJIP C4; 
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then I? is a Lie subgroup of the unimodular group U and H/H,, C ii/H,, . 
Thus, H is generated by a set of the form H, u K, where K is a discrete set of 
representatives of classes module H, in H. Then we write H = [Ha u K]. 
Let 9(H) be the Lie algebra of H, then the connected component H, 
of the identity I in H is uniquely determined by its Lie algebra Z(H), which 
is a Lie subalgebra of Z(U). We say that two Lie subalgebras Jr and Ja 
belong to the same type if and only if there exists an invertible tensor P such 
that Ja = PJ,P-l. Such a classification of Lie subalgebras of Z(U) has been 
obtained by Lie [I]; in which there are infinitely many types of Lie subalge- 
bras of Z’(U), including the subalgebras corresponding to the subfluids of 
Wang [6] and the simple liquid crystals of Coleman [7], and from which 
follows the completeness of Wang’s classification of subfluids under the 
continuity assumption of constitutive funcitonal. Thus, in principle, we may 
find all types of Lie subgroups of the unimodular group. 
We shall here give the list of classification of Lie subalgebras in Z(U). 
TABLE I (SUBFLWDS) 











(11, 12, 13, 14) 
Note. Numbers in the parentheses denote Type Numbers of subfluids [6]. * means 
the transposition; e.g. 1.2* is obtained from I.2 by transposition. Type in no pair is 
the same one as its transpose. 
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TABLE II 












Note. Numbers in the parentheses denote Type Numbers used by [6]. Q This Type 
is also given by (2.2) in [7], p. 45. 
TABLE III 
Type No. h:trh = 0 Type No. h:trh = 0 
111.1, h : /c 111.3, h : p 
A:p#O:O h:pfO:O 
111.1*, x : /A 111.3*, h : P 
h:p#O:O h:p#O:O 
111.2, A : p 111.4, h : p 
X:p#O:O x#r,rfv 
v#h 




Type No. h : tr h 7: 0 
-____ - -- .-.-. --.. .--. 
V.l 
Type No. h:trh = 0 
TABLE VI 
Type No. h : tr II = 0 Type No. h:trh = 0 
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4. REPRESENTATION FORMULAS 
First of all we shall restrict our attention to materials without memory, i.e., 
elastic materials, and consider representation formulas for objective con- 
stitutive functions for such materials. 
Let H be a Lie subgroup of the unimodular group U, and @) an objective 
scalar-valued constitutive function whose symmetric group contains H 
as a Lie subgroup. Then by using of (2.35) and (2.36), cp(F) can be expressed 
as 
P(F) = 4(C), 
where 
$(HTCH> = 9(C) for all HEH. (4.1) 
The condition (4.1) is equivalent to: 
4WCH) = #(Cl for all HE&, (4.2) 
and 
Qww = NC> for all KEK. (4.3) 
Condition (4.2) means that #(C) is invariant under the Lie transformation 
group: C’ = HTCH, (H E Ha), whose infinitesimal operator is given by 
where h = 11 Iz!~ /I E p(H) and C = 11 cij 11. Hence, by a well-known 
theorem [8,9], condition (4.2) for # with smoothness assumption 4 is equivalent 
to: 
z,* = 0 for all h E Y(H); (4.5) 
from which, by using of a well-known theorem ([9], pp. 68-70) and Wineman 
and Pipkin’s result characterizing functional bases of invariants ([lo], p. 190), 
we can obtain a functional basis without smoothness assumption of invariants 
under the Lie transformation group: C’ = HTH, (H EHJ. 
Let f(F) be an objective symmetric tensor-valued constitutive function 
whose symmetry group contains H as a Lie subgroup. Then, as is well 
known [2,3], /‘(F) can be given by 
where 
f(F) = (q-l y(C) F-1, (4.6) 
f(HX’H) = H=g(C) H for all HEH. (4.7) 
’ Here sm~~thnese means Cl-differentiability. 
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The condition (4.7) is equivalent to: 
$f(HTH) = HQ(C) H for all HEW,, (4.8) 
and 
&wK) = KT(&) K for all KEK. (4.9) 
Condition (4.8) means that the relation: S =9(C) is invariant under the 
Lie transformation group: 
C’ = HTCH. 
S’ = HTSH, (H E W, (4.10) 
whose infinitesimal operator is given by: 
IV = 1 (Ciih!, + c,,h!,) (4.11) 
i$k 
where h = I/ hfi 11 E Y(H), S = I/ sij I/ and C = // Cij I/ . Therefore, by a 
well-known theorem [8, 91, condition (4.8) for p(C) ruuith smoothness assump- 
tion is equivalent to: 
sij - gij(C) - 0 implies W(S,~ - JQ(C)) = 0 for all h E Z(H), (4.12) 
where y(C) = lj~~~(C) 11; that is, 
.Z,g = hT2 +gh for all h E Y(H). (4.13) 
Thus we have 
THEOREM 10. Representation formulas for the objective, scalar-valued, 
or symmetric tensor-valued constitutive function whose symmetry group contains 
H as a Lie subgroup are obtained by solving the system of linear partial d@.rential 
equations of first order (4.5) or (4.13), and by adding the side condition (4.3) OY 
(4.9), respectively. 
After obtaining representation formulas for q or f whose symmetry group 
G(v) or G(i) contains H as a Lie subgroup, we have to look for v orf, i.e., 
# or 9 such that 
Xh’C’ = 0 implies h E -W3), 
or 
Z J&g = hTf -t- $2 implies h E 9(H), 
respectively. 
Through this way we have the following result: 
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Let H be any Lie subgroup of U. Then there exists an objective constitutive 
function p such that Ho = G(f)o . H owever, for a few types of Lie subgroups H 
of U, including Wang’s sub&ids of Types 2, 3, and 4 [6], there does not exist 
an object scalar-valued function q~ such that I& = G(v),, (Cf. [7], p. 55), and 
for all the other types of I-l, there exists such an objective scalar function 9). 
REMARK. If we can find an invertible tensor-valued function L(F) satis- 
fying (2.9) and (2.39), then by means of (2.45) we may have representation 
formulas for objective, symmetric tensor-valued constitutive functions of 
elastic materials. However, we know that some types of simple materials 
cannot have such function L(F). On the contrary, Theorem 10 is available 
for any kind of simple elastic materials. 
Now we shall consider representation formulas for objective continuous 
constitutive functionals of general simple materials. By means of Theorems 3, 
4, and 6, the main part of our problem may be reduced to find invertible 
tensor-valued continuous functions O(C) satisfying the conditions: 
@(IITCH) = H=@(C) for all HeHo, (2.48) 
and 
O(KTK) = KW(C) for all KEH1nK, (2.49) 
in notations of Theorem 6. By the same way as the above, it is easily seen that 
condition (2.48) for O(C) with smoothness assumption is equivalent to the 
condition: 
&:,0(C) = hTO(C) for all h E -Y(H). (4.14) 
Let L(F) = (P)-’ O(C), w h ere O(C) is obtained by solving the system of 
differential equations (4.14) and by adding the side condition (2.49). Then 
we have 
where 
L(qTF(Ft) L(F) = X(L(lqT &L(F); C), (4.15) 
%‘(L(F)T Cf,,L(F); H=CH) = S(L(F)T C&L(P); C). (4.16) 
Let c,(C),..., S,(C) be the functional basis of invariants obtained by solving 
the equations (4.3) and (4.5), then we have the formulas (4.17) in the follow- 
ing theorem. 
Thus we have 
THEOREM 11. Representation formulas for the objective, continuous con- 
stitutive functional whose symmetry group contains H as a Lie subgroup are give-n 
kY: 
L(qT-pt) W) = -qqqT Ct(,,L(Q ~,(C>,..., S,(C)), (4.17) 
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where W is any continuous functional of L(F)T CI,,L(F), and also any 
continuous function of I;,(C),..., c,(C), and .further L(F) = (FT)-l O(C) or 
= det F . (FT)-’ O(C); p rovided that u continuous function O(C) with 
det O(C) f  0 can be obtained by solving the system of linear partial dz$ferential 
equations of first order (4.14) and by adding the side condition (2.49), and that a 
functional basis of invariants c,(C),. .., c,(C) can be determined by (4.3) and (4.5). 
REMARK. Although in Theorem 11 we obtain a function L(F) and a func- 
tional basis of invariants <r(C)..., c,(C), under some smoothness assumption, 
by solving certain systems of differential equations, this does not mean to 
require some smoothness assumption for the constitutive functional P(F”). 
Let h, = jJ hij /j (a = 1, 2,..., Y) be a basis of z(H) and Z, = ZIia 
(a! = 1, 2,..., Y). We shall now denote by q the generic rank of the matnx 
II cijh:, + c&i II , where the indices of rows and columns are given by 
0. = 1, 2,..., r and (i, k) = (1, l), (2,2), (3, 3), (1,2), (1, 3). (2, 3), respectively. 
It is well known ([9], p. 65) that, if q < Y, then the group of stability S,(H) 
cannot be contained in the group {I, - I>. Thus, by Theorem 5, in the case 
where q < r, there does not exist any invertible tensor-valued function L(F) 
satisfying conditions (2.9) and (2.39); more precisely, there does not exist any 
invertible tensor-valued continuous function O(C) satisfying condition (2.48). 
We can see that it holds q < Y for the symmetry groups of subfluids of 
Types 1, 2, 3, and Types 15, 16 [6]. F or such materials, Theorem 11 is not 
available. But, for all the other types of simple materials we can obtain the 
function O(C) satisfying condition (2.48), although it may happen that we 
cannot have any function O(C) satisfying both (2.48) and (2.49). In the latter 
case representation formulas can be obtained by the following way. Let 
L(F) = (FT)-l O(C), w h ere O(C) is obtained by solving the system of differ- 
ential equations (4.14), and let [r(C),..., c,(C) b e a functional basis of inva- 
riants under the Lie transformation group: C’ = HTCH (HE HO). Then we 
have representation formulas (4.17), with the side condition: 
qc, qTqDt; MC),..., L(C)) @(C, K) 
= W(@(C, K)T DQD(C, IQ ~l(Kwc),..., 4$PCK)) for all 
where 
K E K, 
(4.18) 
and 
qc, K) = L(F)-lL(FK) = (KW(C))-1 @(IRK), 
Dt = L(F)T C&L(F) = 6(C)T (C-lC+-‘) O(C). 
Thus we have 
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THEOREM 12. Representation formulas for the objective continuous con- 
stitutive functional S(Ft) whose symmetry group contains H as a Lie subgroup 
are given by 
L(F)=-WWF) = g’(P L(C),..., L(C)>, (4.17) 
where L(F) = (FT)-l O(C), O(C) being determined by (4.14); [r(C),..., c,(C) 
being obtained by means of (4.9, and 92 obeying condition (4.18). 
REMARK. For elastic materials, Ct,, = I, and hence Dt is reduced to 
L(F)=L(F) = Y&(C),..., t,(C)). Therefore (4.17) is now of the form: 
L(F>=+(F>LP) = 45,(C)>..., S,(C)), (4.19) 
where 4 obeys the condition: 
qc, KY al(c),..., S,(C)> @CC, K) = al(K=CK),..., LFCK)) 
for all K E K. (Cf. (2.45)). 
(4.20) 
5. AN ILLUSTRATIW EXAMPLE 
Here an illustrative example is given to explain the theory. Let H be a Lie 
group whose Lie algebra A?(H) is the set of tensors of the form: 
(a, b, c : reals). (5-l) 
That is, P(H) is of Type V.l. There is a basis of Z’(H): 
A=! ; i), I3=! i i), C=e i ;), (5.2) 
where 
[A, B] = - A, p, C] = 2c, [A, C] = 0. (5.3) 
Let Ha be the connected component of the identity I in H, and a the set of 
unimodular tensors such that MHaiW1 C H,, . Then we can see that H,, 
is composed of tensors of the form: 








and G is the set of tensors of the form: 
where A, p and v are real numbers; and hence 
Thus, since we may assume that H contains the inversion - 1, H is generated 
by a set of the form I-& u K, where K is given by: 
Kl = (4 - 4, (5.6) 
or 
,=/1,-&t -; -;j,[-i i # (5.7) 
If we write 
C=fj ii ij=[ i $ 
then from (4.4) we have 
(5.8) 
Since 2, , 2, , and 2, are functionally independent linear operators, there is 
a functional basis of invariants under the Lie transformation group: 
C’ = HTH (H e I$,) 
a = 5,(C) = $ (9 - u”) = $ (Cl,& - c&>, 
B = 5,(C) = y+ ((qJ - u”) u + y(uw - WY))“, 
= & 
i > 
8 ((w22 - 42) Cl2 + 4w23 - cl,c22N2~ 
y = c,(C) = det C. (5.10) 
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It is easily seen, by using of (5.6) and (5.7), that these S,(C), [a(C) and {s(C) 
are also invariant for the transformation: C’ = KrCK (K E K). Thus, these 
form a functional basis of invariants for the Lie transformation group: 
C’ = HTCH (H E H). Moreover we can verify by calculation that there is an 
invariant function #(C), e.g., 4(C) = Z;,(C) + l,(C) + c,(C) such that 
z&h = 0 implies k E Z(H). 
Thus, there exists an objective scalar function p(F) = $(C) such that 
H, = G(a),, . And also there exists an objective constitutive function+(F), e.g., 
f(F) = (5,(C) + L(C) + 5,(C)> 4 such that Ho = G(fh. 
From the fact that [r(C), &(C), c,(C) are invariant under the transforma- 
tions: C’ = KTCK (K E K,), we can see that, ifHo = G(P))~ , then G(v) must 
be the Lie group generated by H,, u K, . Therefore, for the Lie group H generated 
by H, u K, , there exists no objective scalar function v(F) such that H = G(v). 
It is easily verified that ~1, p, y, x, y, w can be taken as independent variables; 
then we have 
z,4=2u&+U$, (u” = (x - 4Yh 
Equations (4.14) are now written as: 





From (5.14) it follows 
0 = exp [ 1 f CT - @I(% 8, Y,x, Y). 




0, = exp [-+ (- f C + $ A)‘1 . @,(a, B, y, y). (5.17) 
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By substituting (5.15) and (5.17) into (5.13) and by taking account of (5.3). 
we have 
& ; 0, z-- B*@, , (5.18) 
from which it follows 
0, = exp[f log 1 y I * BT] &(a, 8, y). 
To obtain (5.18) the following formula is used: 
eXYecx = exp adX . Y, 
(5.19) 
where adX * Y = [X, Y]. By (5.15), (5.17), and (5.19) we obtain the general 
solution of the system of equations (5.12), (5.13), and (5.14): 





(I Tz (I Yl)‘i2 
c 
J- (22 - xy) f  $) 
20 Y lY2 Y2 
0 0 (I Y /Y2 1 
By notations of Theorem 6 we have 
H, A Kl = (0, 
and 
* @2(% 8, Y). (5.20) 
For 
it is easily seen that O(C) given by (5.20) cannot satisfy the condition (2.49): 
B(KrCK) = G@(C). Therefore, only for the Lie group H generated by 
Ha u KI Theorem 11 is available. 
Let H be the Lie group generated by H,, u K, , and let 
L(F) = (FT)-1 O(C), 
SYMMETRY GROUPS OF SIMPLE MATERIALS 133 
where 
8(C) = 
1 1 Cl2 







I c22 I c 
J- (cf, - 
2(1 52 lY2 ci2 
w22) + 2) (I 52 IV’” 
(5.21) 
with det 8(C) = 1. Then condition (4.18) is clearly satisfied for K = I, - I; 
and hence the condition is required only for 
1 0 0 
K=O--1 0. 
t 1 0 0 -1 
Since we can see that for this K 
qc, K) = (KW(C))-1 O(KTK) = K, 
and 
5cwCK) = UC) (a= I,%$ 
condition (4.18) is written as 
KT&?(Dt; .) K = %?(KT DtK; a). (5.22) 
Thus, we have the following representation formulas: 
V)T=WV(F) = g(Dt; 5,(C), C,(C), 5,(C)), (4.17) 
where W(Dt; .) satis~es condition (5.22), Dt = O(C)T (C-VP) e(C), and 
8(C) being given by (5.21). 
It is interesting for me that O(C)T given by (5.21) belongs to I&, . 
We may see that there exists an objective symmetric tensor-valued constitutive 
function f(F), e.g., i(F) = (&(C> + 5,(C) + 5,(C)) 1 such that 
G(f) = IX, ” &I. 
According to Remark after Theorem 12, representation formulas for such 
function f(F) are given by 
W9TfP)W) = GWh 42(C)> 5,(C)), 
4 obeying the condition: 
(5.23) 
@(C, K)T$z(C), t,(C)> 53(C)) @,(C> K) = @x(C), t;z(C), L(C)), (5.24) 
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for all K E K, and also 
For 
we have @(C, K) = K, and hence we may see that G(f) = [H, u K,], if 
and only if Pa(*) K = a(-), consequently, c(m) is the form: 
Thus we can see that there is an objective symmetric tensor-valued constitutive 
function f(F), e.g., 
JW~~(W(F) = G,(C) + MC> + 5,(C)) 
such that G(f) = [H, u KJ 
(5.25) 
Since we may regardf(F) as a special case of 9(Ft), i.e., 9(Ft) = f(Ft(0)), 
we see that there exists an objective constitutive functional 9(Ft), e.g., 
F(F”) = (r;,(C) + r;,(C) + h(C)>& 
such that G(S) = [H, u K,], and also an objective functional, e.g., 
WY~(F’)W) = (I,(C) + 5,(C) + MC>) 
such that G(9) = [H, u KJ 
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